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The glassy behavior observed in the pyrochlore magnet Y2Mo2O7, where the magnetic Mo
4+
ions interact predominantly via isotropic nearest neighbor antiferromagnetic exchange, possibly with additional weak disorder, is a distinct class of spin glass systems where frustration is mostly geometrical. A model proposed to describe such a spin glass behavior is the Heisenberg model on a pyrochlore lattice with random but strictly antiferromagnetic exchange disorder. In this paper, we provide compelling numerical evidence from extensive Monte Carlo simulations which show that the model exhibits a finite temperature spin glass transition and thus is a realization of a spin glass induced by random weak disorder from spin liquid. From our results, we are led to suggest that the spin glass state of Y2Mo2O7 is driven by effective strong disorder. Most magnetic materials develop long range magnetic order when the temperature is sufficiently low. There are, however, two prominent exceptions: spin liquid (SL) and spin glass (SG) systems. Both of them are commonly found among frustrated systems where the ordering tendency is reduced. The SL usually occurs in geometrically frustrated systems, whereas the SG arises in random frustrated systems due to competing random antiferromagnetic (AFM) and ferromagnetic (FM) couplings 1 . The Y 2 Mo 2 O 7 pyrochlore Heisenberg antiferromagnet [2] [3] [4] , possibly with some form of weak disorder, whose origin remains both mysterious and controversial [5] [6] [7] , does not fall in the category of conventional SG materials 1 . The Heisenberg AFM model on the three-dimensional pyrochlore lattice of corner sharing tetrahedra is a classical spin liquid (CSL) with macroscopically degenerate ground states which satisfy the zero net magnetic moment (Φ t = 0) constraint on each tetrahedron 8 . This constraint leads to a gauge theory description of the CSL and the prediction of a power-law decaying spin-spin correlation function of "dipolar" form 9 . Thus, a clean Heisenberg AFM model on the pyrochlore lattice does not display a SG state. However, the macroscopic degeneracy in this model opens up the interesting possibility that weak random disorder in the spin-spin exchange interactions, so small that no competing AFM-FM coupling is present in the bare Hamiltonian, may be sufficient to induce a SG phase at nonzero temperature. The main question that we address in this paper is whether dense random weak disorder in the AFM exchange can induce a thermodynamic SG phase from a CSL as a case study of what may be occurring in Y 2 Mo 2 O 7 2-4 . We study the Hamiltonian H defined on a pyrochlore lattice first proposed by Bellier-Castella et al. 10 : 12 computed the SG correlation function and SG susceptibility. Based on numerical data and analytic arguments, the authors of Ref. [12] suggested that there exists a thermodynamic SG transition at a nonzero temperature for arbitrary small but nonzero W . SG simulations techniques have significantly improved over the past ten years or so [13] [14] [15] [16] [17] [18] [19] [20] [21] . Recent extensive Monte Carlo simulations employing these improvements [17] [18] [19] [20] [21] have led to the revision of the old belief that the lower critical dimension, d l , of the EdwardsAnderson (EA) isotropic Heisenberg SG model is above three 1 . There is no rigorous analytic approach to determine the d l of the BGHM model [10] [11] [12] and the previous MC simulations [10] [11] [12] do not come close to the computational standard of recent studies of the EA Heisenberg SG [17] [18] [19] [20] [21] . Thus, the analytic arguments and numerical data at hand can hardly provide convincing evidence for a thermodynamic SG phase in H. The BGHM model, with its underlying CSL state in the disorder-free regime, as well as its broad relevance to the SG behavior observed in numerous geometrically frustrated magnetic materials, make it a model of fundamental significance in the field of frustrated magnetism. It is therefore important to carefully assess whether H sustains a thermodynamic SG phase at nonzero temperature, and to reach such a conclusion on the basis of numerics that approach the standard of SG simulations of EA models [17] [18] [19] [20] [21] . We first summarize the details of our MC simulations. A 16 site cubic unit cell for the pyrochlore lattice is used for generating cubic simulation cells with N = 16L 3 spins with L = 4, 6, 8. One Metropolis sweep, 2L over-relaxation sweeps and one parallel tempering swap 13 is defined as one elementary MC step (MCS). The temperatures explored for each simulation are T (n) = T min α n where T min is the lowest temperature considered and n ∈ [0, N T − 1], where N T is the number of thermal replicas. Thus the highest temperature is T max = T min α NT −1 and α = (N T −1) T max /T min . The error bars are sample-to-sample fluctuations calculated via the jackknife method. Table I lists the parameters used in our MC simulations. To characterize a putative SG phase, we use a parameter defined as the overlap between two thermal replicas with the same realization of random couplings, {J
where S
i,µ and S (2) i,µ are the spin components for replicas (1) and (2), respectively. It has been proposed that there is no SG transition in isotropic Heisenberg SG systems but that, instead, the freezing is in the chiral sector 22 . Latest simulations [17] [18] [19] [20] [21] suggest that both chiral glass (CG) and SG transitions occur at finite temperature, but there is no consensus whether the CG critical temperature (T CG ) is higher or equal to that of the SG (T SG ). Since H has isotropic Heisenberg spins, there is no obvious reason to exclude the possibility of a CG transition. To monitor CG correlations, we consider two chirality parameters. The first one is defined along bonds,
where
are vectors pointing from site i, to its three nearest neighbor sites in the same tetrahedron; (i,δ), i, (i, −δ) are the indices for the three sites lying along the directionδ (see Appendix) . The second one is defined on the triangular faces of individual tetrahedra,
are the indices for the three sites of the triangular face ω andr ω = (r ω,a +r ω,b +r ω,c )/3. The corresponding susceptibilities are obtained from the order param-
, where ... and [...] denote the thermal average and disorder average, respectively. As the local chirality variables are not fixed to be unity as is the case of the spin variables 19, 20 , the CG1 susceptibility is normalized by
]; and, similarly, the CG2 susceptibility is normalized by χ 2 4 = (χ 2 2 ) 2 , where
;ω ] (see Appendix) . Assuming that the susceptibilities follow an OrnsteinZernike form 14 , the correlation lengths ξ SG and ξ CG1,CG2
, where g ≡ SG, CG1 or CG2 and k ≡ 2πx/L is one of the smallest wave vectors for system size L [17] [18] [19] [20] [21] . The ξ g 's divided by L should be scale invariant at their respective critical point. The crossing of ξ g /L is therefore a sensitive criterion to test for a glass transition. The correlation lengths and susceptibilities should finite-size scale as
To check that thermodynamic equilibrium was reached, we verified that ξ g becomes independent of simulation time for the largest system size and lowest temperature considered.
We first present the SG and CG correlation lengths in Fig. 1 . It is fairly clear from these results that the SG and CG correlation lengths for different system sizes tend to cross in a narrow range of temperatures compatible with a nonzero critical temperature for both SG and CG (T g ≈ 0.016).
We then employ a scaling scheme which assumes that the correlation lengths finite-size scale as the scaling function X given above and fit the data in the temperature range (0.012 ≤ T ≤ 0.020) by parametrizing X as polynomials
2 , is minimized numerically to obtain the coefficients c m , z 0 , critical temperature T g and exponent ν g . Figure 2 shows
(T g and ν g are listed in the caption of Fig. 2 .) The scaling exponents determined both for the SG and CG are far from those of the 3D EA Ising model obtained from correlation length scaling (ν SG ≈ 2.44) 15, 16 , but roughly comparable (within ∼ 20%) to those of the 3D EA Heisenberg model [17] [18] [19] [20] [21] 23 . In the above scaling analyses, we assumed that there is a common crossing point for all system sizes. Realistically, the critical temperature obtained this way for fair system sizes (N ≤ 8192) should represent an upper bound for the true critical temperature in the thermodynamic limit. For example, in the latest simulations of the 3D EA Heisenberg model, it was found that scaling correc- tions are large and that the ξ g crossings are pushed to lower, albeit non-zero, temperatures as the system size increases [17] [18] [19] [20] [21] . We show in Fig. 3 the evolution of the correlation lengths crossing temperatures T * g for different pairs of system sizes (L 1 , L 2 ) as a function of the inverse of their average size given by 1/L ave = 2/(L 1 +L 2 ). These show that 0 < T SG < ∼ T CG1 ≈ T CG2 as L ave → ∞. We use the same procedure as for the correlation length data collapse to fit the susceptibilities into the scaling function, Y , in order to determine T g , ν g and η g . Figure  2 shows χ g (T, L)L ηg−2 versus the scaling parameter z = (T − T g )L 1/νg . (The T g , ν g , and η g are listed in the caption of Fig. 2 .) The η g and ν g values are again fairly comparable with those obtained in the latest studies of the 3D EA Heisenberg model [17] [18] [19] [20] [21] 23 , providing evidence for a common SG universality class for the BGHM model A recent study aimed at describing the SG in H assumes that the power-law correlation of the CSL 9 is maintained despite the random disorder and thus the spins can be thought of as interacting via an effective projected interaction matrix of a long range "dipolar" form 11, 12 as a consequence of the zero net magnetic moment (Φ t =0) condition on each tetrahedron. To investigate this description, we calculate the average tetrahedra moment, Φ ≡
, where the outer sum is over all tetrahedra, the inner sum is over the four spins in each tetrahedron, and N tetrahedron = N/2 is the total number of tetrahedra. We show Φ as a function of temperature in Fig. 3 . First, we find that it changes very little with system size, as it is not a critical quantity. Second, it decreases with decreasing temperature. Most importantly, near the crossing temperatures (T g ≈ 0.016), Φ is finite and of the order of W/J 0 which implies the existence of "defect" tetrahedra with Φ t = 0 and, consequently, the destruction of infiniterange power-law correlations 9 . This is further supported by the reasonably good data collapse for the ξ g correlation lengths extracted from an Ornstein-Zernike form, which would likely not be correct if there were a CSL phase with extended power-law correlations intervening between the paramagnetic phase and the SG phase.
For Y 2 Mo 2 O 7 , the experimentally determined CurieWeiss and SG temperatures are Θ 
S
2 ) ≈ 0.45. This is much higher than that obtained for the BGHM model for which we found above T SG /J 0 ∼ 0.01 − 0.02 for W/J 0 = 0.1. This suggests that the glass transition of Y 2 Mo 2 O 7 is not due to weak random disorder as in H, but rather to very strong effective disorder. One plausible scenario is that perturbations beyond nearest-neighbor Heisenberg exchange J 0 disrupt the perfect degeneracy of the CSL phase and induce short range AFM order above T g , as observed in a neutron scattering study 3 . If the growth of AFM order is forestalled due to some form of random disorder [5] [6] [7] , the SG behavior of Y 2 Mo 2 O 7 should likely be described in terms of a "cluster-glass" model 1 . In conclusion, our MC simulations of the BGHM model of Eq. (1) provide compelling evidence for a thermodynamic SG phase induced by weak random disorder in a classical spin liquid of a highly frustrated system. From our work, it appears very likely that the SG behavior in Y 2 Mo 2 O 7 is not due to weak and dense random disorder but rather via an effective strong disorder whose microscopic origin requires further investigation.
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Appendix A: Spin and Chiral Glass Susceptibilities
This appendix discusses the details of the definitions of the spin glass (SG) and two different chiral glass (CG) overlap parameters -CG1 defined along the bonds and CG2 defined on the triangular faces of the tetrahedra that from a pyrochlore lattice. In addition, a table for critical exponents obtained from previous Monte Carlo studies of the three-dimensional (3D) Edwards-Anderson (EA) Heisenberg SG model is provided for comparison with the critical exponents obtained for the BGHM model studied in this paper.
The spin glass (SG) overlap is defined as the overlap between two thermal replicas with the same realization of random couplings {J
i,µ and S
i,µ are the spin components of the two replicas. For Ising spins, this is the usual parameter used to monitor the spin freezing. The situation is, however, more complicated for Heisenberg spins 22 . It has been proposed that there is no SG transition in isotropic Heisenberg SG systems but, instead, that the freezing is in the chiral sector 22 . There have been many investigations on the spin-chirality coupling/decoupling scenario for the 3D EA Heisenberg model [19] [20] [21] [22] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] , but there is so far no consensus [17] [18] [19] [20] [21] 30 . While recent studies tend to agree that both the critical temperature for SG (T SG ) and chiral glass (T CG ) are non-zero [17] [18] [19] [20] [21] , whether T CG = T SG 17, 21 or T CG > T SG 19, 20 is still under active debate. Since the model we study possesses spins with isotropic Heisenberg exchange, there is no a priori reason to rule out the possibility of a chiral glass (CG) transition.
To monitor the CG we probe two different chirality variables. The first one is defined along the bonds. This is a generalization of the definition of chirality variables for the 3D EA Heisenberg model on a simple cubic lattice. Similarly to the simple cubic lattice, three are three axes passing through each site. As three spins are needed to define the chirality, the natural choice is to pick a spin and its two nearest neighbors spins along one of the axes to define a chirality variables. As there are three axes passing thorough each site, therefore there are three chirality variables for each site. We denote this definition of chirality overlap as CG1.
). Theǫ i,1 ,ǫ i,2 and ǫ i,3 are vectors pointing from site i, to its three nearest neighbor sites in the same tetrahedron, see Fig. 4 . (i,δ), i, (i, −δ) are the indices for the three sites lying alongδ. The normalization factor 1/3N is introduced to account for the 3N chirality variables for this definition because of the three chirality variables at each site. We note that a slightly different definition, which treats the CG overlap as a three components object has been used in a study of 3D EA Heisenberg model 21 . The second chirality overlap parameter is defined on the triangular faces of the tetrahedra. The pyrochlore lattice is composed of corner-sharing tetrahedra, and each tetrahedron has 4 triangular faces. Therefore, another natural choice is to define the chirality variables on each face of the tetrahedra. In a lattice with N sites, there are N/2 tetrahedra, and each tetrahedron has 4 faces. Therefore, there are in total 2N chirality variables within this definition. We denote this definition of chirality as CG2, with:
where κ 2;ω = S ω,a · (S ω,b × S ω,c ); (ω, a), (ω, b), (ω, c) are the indices for the three sites of the triangular face ω andr ω = (r ω,a +r ω,b +r ω,c )/3. The normalization factor 1/2N is introduced to account for the 2N chirality variables for this definition since there are 2N triangular faces. The corresponding susceptibilities are obtained from the above order parameters,
where ... and [...] denote the thermal average and disorder average respectively. As the local chirality variables are not fixed to be unity in contrast of the spin variables 19, 20, 35 , the CG1 susceptibility is normalized by
and the CG2 susceptibility is normalized by χ 2 4 = (χ 2 2 ) 2 , where
The exponents obtained for the BGHM model are fairly comparable with that of the 3D EA Heisenberg spin glass model 36 . For comparison of our results with the 3D EA Heisenberg model, we compile a selection of critical temperatures and critical exponents in Table II . For the 3D EA Ising model, see Table I in Ref. [15] . Table I in Ref. [15] . NA is a shorthand for not available. The last two rows are the estimates from this work. The variance of the random coupling distribution is 1 for all the studies on the three-dimensional Edwards-Anderson Heisenberg model listed in this table, and the variance of the model we study is 1/3 × 10 −2 . (The variance is defined as (x − x) 2 P (x)dx, where P (x) is the distribution function and x = xP (x)dx.) The entries with "#" are not quoted in the original paper but are estimated via the relation γ = (2 − η)ν. The entries with " * " are from the quotient method 41, 42 for scaling analysis of L = 24 and L = 48 systems on a simple cubic lattice.
